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The Galois ring GR(p”, m) is a finite extension of the ring of integers modulo pn. 
We consider Dickson polynomials g,(x. a) over Galois rings. In particular, we find 
an estimate of the cardinality of the value set { g,(x, a) 1 x E GR( pn, m)) and deter- 
mine the cardinality of the preimage of gd(x. a) in certain cases. lc’ 1991 Academic 
Press. Inc 
1. INTRODUCTION 
Let R denote a commutative ring with identity. For a E R we define the 
Dickson polynomial g,(x, a) over R by 
where [ ] denotes the greatest integer function. 
Since g,(x, 0) = xd, the Dickson polynomials may be viewed as 
generalizations of the power xd over R. Many papers have been written 
concerning Dickson polynomials over finite fields, including an excellent 
survey by Mullen [4]. 
Recently in [2], Chow, Gomez-Calderon, and Mullen determined the 
cardinality of the set gd(x, a) over the finite field F,. As a corollary they 
obtain a new proof of the well-known result that if ae Fz, then gd(x, a) 
permutes F, if and only if (d, q2 - 1) = 1. 
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In this paper we study value sets of Dickson polynomials over Galois 
rings. The Galois ring GR(p”, m) is a finite extension of the ring of integers 
modulo p”, where p is a prime. In particular, GR(p, m) is the finite field 
F, with q = pm elements. The reader can find further details about Galois 
rings in [3]. 
We find that for a unit a of GR(p”, m) and n > 1, g,(x, a) permutes the 
ring if and only if (d, p2” - 1) = (d, p) = 1. The main result of this paper is 
an estimate of the cardinality of the value set (g,(x, a) Ix E GR(p”, m)} 
where a is a unit, d and p are odd, and either (d, p) = 1 or (d, p*” - 1) = 1. 
We also determine the cardinality of the preimage of g,(x, a) for d> 1 
when p is odd and [g,Jx, a)]’ f 4ad (mod p). Apparently the technique 
used in this paper, basically Eq. (1) and Lemma 1, cannot be applied to 
solve the remaining cases. 
2. BASIC PROPERTIES 
In this section we show some of the basic properties of Dickson 
polynomials and Galois rings. The most important property of Dickson 
polynomials is the functional equation [4] 
(1) 
Other useful results are the equation 
g,(x, a’) = ad&,(bX, 1) (where a is a unit) (2) 
and the recurrence relation 
gdtx, a) = xgdp lb, a) - ugd- 2(x, a) with g,(x, a) = 2 and g,(x, a) =x. 
We also need to use the structure of the group of units, denoted by 
U(p”, m), of the ring GR(p”, m). If p is odd then 
U(p”,m)=G, xG2 [ 3, Theorem XVI.91, 
where G, is a cyclic group of order pm - 1, and Gz is a direct product of 
m cyclic groups, each of order p”- ‘, 
3. da1 
Reduction modulo p defines a natural homomorphism from GR(p”, m) 
onto the field GR(p, m). The image of an element Y under this 
homomomorphism is denoted by f. 
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Our first lemma is a generalization of a well-known result on lifting 
solutions over the ring of integers modulo p”. 
LEMMA 1. Assume n > 2 and f(x) is a polynomial with coefficients in 
GR(p”, m). Let T be a solution of the equation f(x) = 0 over the ring 
GR( pn- ‘, m). 
(a) Assume f’(T) $0 (mod p). Then T can be hfted in a unique way 
from GR( p” ~ ‘, m) to GR( p”, m). 
(b) Assume f’(T) = 0 (mod p). Then we haue two possibilities: 
(b.1) Zf f(T) = 0 over GR(p”, m), then T can be lifted .from 
GR(pn-‘, m) to GR(p”, m) in pm distinct wavs. 
(b.2) Zf j’(T) # 0 otjer GR( p”, m), then T cannot be lofted from 
GR(p’-I, m) to GR( p”, m). 
Proof Let T be a solution of f(x) = 0 in GR(p”- ‘, m). Let Q be an 
element of GR( p, m). Then, by Taylor’s formula, 
f(T+Qp” ‘)=f(T)+f’(T)Qp”-’ 
over the ring GR( p”, m). Further, since f(T) = 0 over GR( p” ‘, m), 
f(T+Qp”-‘)= [k+.f’(T)Q]p’i+’ 
for some k in GR( p, m). Therefore, f( T + Qp” ~ ’ ) = 0 over GR( p”, m) if 
and only if 
k+f’(T)Q=O (3) 
over the field GR(p, m). Now, if f’( T) #O then the linear equation (3) has 
a unique solution Q in GR( p, m). On the other hand, if f’( T) = 0, (3) has 
no solutions when k # 0, and p”’ solutions when k = 0. 
COROLLARY. Assume p is odd. Then x E U( p”, m) is a square in U( p”, m) 
tf and only zf .Ic is a square in U( p, m). 
LEMMA 2. Suppose (4 q2 - 1) = 1 and 0 #a E GR(p, m), where q = p”‘. 
Then g’(x, a) does not vanish on the field GR(p, m) if and only if (d, q) = 1. 
Proof See [l, Lemma 5.71. 
Our first theorem generalizes the well-known result that if 0 #a~ 
GR( p, m), then g,(x, a) permutes the field GR( p, m) if and only if 
(d,q2- l)= 1. 
THEOREM 3. For any unit a E GR(p”, m) and n > 1, g,(x, a) permutes the 
ringGR(p”,m)tfandonlyzf(d,p2”-l)=(d,p)=l. 
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ProojI Assume that a is a unit and n > 1. Suppose that g,(x, a) 
permutes the ring. Then gd(x, a), the reduction of g,(x, a) modulo p, 
permutes the field GR(p, m), and each preimage of gd(x, a) can be lifted in 
a unique way from GR( p, m) to GR(p”, m). Therefore, (d p2” - 1) = 1 
and, by Lemmas 1 and 2, (d, p) = 1. 
Now suppose that (d, p”” - 1) = (d, p) = 1. Then by Lemma 2, g&(x, a) 
does not vanish on GR(p, m). Hence, each preimage of gd(x, a) can be 
lifted in a unique way. Therefore, g,(x, a) permutes GR( p”, m). 
LEMMA 4. Let o denote a generator of the Gulois group of the extension 
GR(p”, 2m)JGR(p”, m) with p odd, Let q = pm. Then 
(a) The group of units U( p”, 2m) can be written us a product of a 
cyclic group G of order q2 - 1 and 2m cyclic groups Hi = (pi) where 
(b) If G, and G2 denote the subgroups of G of order q - 1 and q + 1, 
respectively, and y E G, then y E G, if and only zj’ g.(y) = y and y E G, if and 
0nl.v if a(y) = 11-v. 
Proof: By [3, Theorem XVI.93, the group U(p”, 2m) of units is the 
direct product of a cyclic group G of order q2 - 1 and 2m cyclic groups Hi 
of order p”- ‘. Further, without loss of generality, we may assume that 
U(pb,2m)nGR(p”,m)=G,xH,xH,x ... xH,, 
where G, denotes the subgroup of G of order q - 1. Now let G, denote the 
subgroup of G of order q + 1. Then ha(b) E G, n G, = ( + 1 } for all b in Gz. 
Therefore, since ha(b) = 1 (mod p), ha(b) = 1 for all b in G,. On the other 
hand, if b E G and ho(b) = 1, then it is clear that b E Gz. 
Now for i > m we have 
@i)Pi = fi POE Wp”, m) 
j= I 
(4) 
for some integers uj, j= 1, . . . . m. We also note, since p is odd, that 
(fit> = (pi) for all i 2 1. Therefore, Eq. (4) can be rewritten 
a(Bi)Bi= fi By 
i=l 
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for some integers b,, j > 1. Hence we can rearrange, if necessary, the 
generators fij for i > m to obtain 
for all i > m. 
COROLLARY. Let w denote a positive integer and wite w = ep’ with 
(e, p) = 1. Then, with notation as in the Lemma, 
(a) I{yEGR(p”,m):y”‘=1}1=(e,q-r)q’, and 
(b) 
ii 
y~GR(p~,2m):y”‘=l, o(y)=; 
II 
=(e,q+l)q’, 
where r = min(n - 1, t}. 
Now, andfrom now on, let N denote the quadratic character on GR(p”, m) 
defined by 
if c-O(modp) 
if c is a square unit 
if c is a nonsquare unit. 
THEOREM 5. Let p be an odd prime and d a positive integer, and write 
d= ep’ with (e, p) = 1. Let x, E GR(p,, m) and assume that [g,(x,, a)]’ $ 
4ad (mod p). Then 
/(x~GR(~“,m):g,(x,a)=gAx,,a)}l 
= (e, 4- 1W 
i 
zf N(xf-4a)= 1 
(e, 4 + 1 W if N(xf--4a)= -1’ 
where q = pm and k = mini t, n - 11. 
Proof: First we observe that (g,(x, a)}? $ 4ad (mod p) implies that 
x2 $4a (mod p). Hence we can write x = y + a/y for exactly two values of 
y in GR( p”, 2m). We also have that 
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if and only if 
Further, yf and y; are both solutions of the quadratic equation 
where x1 = y, + a/-y,. Hence, by Lemma 1, [gd(xr, a)]’ f 4ad (modp) 
implies that y;‘= yi (mod p) if and only if yf= yz over GR( p”, m). 
Therefore, g&r + a/y,, a) =gd(y, + a/y2, a) if and only if yf = ylf or 
(y, Y*)~= ad. We now combine with Lemma 4 to obtain the desired result. 
The main problem in estimating the cardinality of the preimage of 
kTd(X, a) when {gd( x, a)}’ = 4ad (mod p) is the number of possible y values 
in the functional equation gd(x, a) = gd(y + a/y, a) = yd + (~/y)~, To be 
more precise, the equation x = y + a/y is not always solvable for y in the 
ring GR(p”, m) when x = +2a (mod p). To deal with this situation, and 
still be able to use Eq. (1) we extend the ring GR( p”, 2m) to R = 
GR(p”, 2m)[p”*]. This extension takes our problem to the other extreme, 
in that we always have a solution y in R for each x, but now the number 
of solutions varies drastically with x when x = +2a (mod p). In either case, 
i.e., losing our functional equations or losing control of the number of solu- 
tions y to x= y + a/y, we are unable to determine the cardinality of the 
value set V= (g,(x, a): xcGR(p”, m)> for all d However, we can still 
estimate the size of this set if either (d, p*“- 1) = 1 or (d, p) = 1, i.e., if we 
stay close to Theorem 3. This is our goal in Section 4. 
4. RESTRICTING d 
Throughout this section, p is an odd prime. 
LEMMA 6. g;( f  2, 1) = ( + )d+ Id* for all d 3 0. 
Proof It is clear that gb( + 2, 1) = 0 and that g;( f 2, 1) = 1. Now for 
da2 we have the recurrence relation g,(x, 1) =xgd-,(x, l)- g,_,(x, 1). 
Hence, an induction argument gives 
d,(k2, l)= k&;-,(+2, 1)+&1(&i?, 1)-g&-2(+2, 1) 
= 12(fl)d(d-1)2+(+l)d-1(2)-(+l)d-1(d-2)2 
=(&1)d-1[2(d-1)2+2-(d-2)2] 
=(kl)d-‘d2. 
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LEMMA 7. Assume b2 =4ad (mod p) fur some units a and b in 
GR(p”, m). Suppose d is odd and (d, p) = 1. Then g,(x,, a) = b for some x, 
in GR( p”, m). 
Proof. By the Corollary to Lemma 1, N(4a”) = 1. Hence, since d is odd, 
N(a) = 1. Therefore, 
g,(+2a1”,a)=a”‘g,(+2, l)= f2ad” 
and 
adj2gd( i 2, 1) = b (mod p). 
Also, by Lemma 6, gL( f 2, 1) z d’ $0 (mod p). Therefore, by Lemma 2, 
ad12gd(x,, 1) = b 
for some x0 in GR(p”, m). Thus, 
.!?d l)=b. 
THEOREM 8. Let a be u unit in GR(p”, m) with p odd. Let d denote a 
positive odd integer and assume (d, p) = 1. Then 
I~gd(-~,a):xEGR(p”,m)}l= 
q-1 q+l 
2(q-l,d)+2(q+l,d) ’ 1 n-l ! 
where q = p”‘. 
Proof: For each unit a in GR( p”, m), we partition the value set 
v= j&,(x, U): (gd(X, a))’ f 4ad(mod p)] 
u {g,(x, a): (g,(x, a))’ z 4ad(mod p)} 
=AuB. 
Then, by Theorem 5, 
(A(= l 
(d,q-11’ 
j.u~GR(p”,m):N(x’-4a)= 1, 
(gdk a))’ + 4ad(mod P)>I 
+(d,q+1)I{x~GR(p”,m):N(x’-4a)= -1, 
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Now if N(a) = 1, we obtain (see [2, Theorem 91) 
I { &Td(X, a): tTd(X, a) = f2a ~‘~,N(X~-4a)=l}~=(d,q-l)+1 
and 
) { gd(X, a): &j&Y, a) = +2a d’2 N(x2-4a)= -l)j=(CI,q+l)-1. ) 
On the other hand, it is well known that the equation .y’- .v’= 4a has 
q - 1 solutions in the field GR( p, m). Therefore, 
q-1 q+* n-1 if N(u)= 1 
IAl = 
2(q-l,d)+2(q+l,d) q 1 
q-1 + q+* -2 1 q-’ if N(u)= -1. 2(q - 64 2(q l,d)
We also have, by Lemma 7, 
PI= &, 
i 
if N(u)= 1 
if N(u)= -1, 
which completes the proof. 
We now consider the case when d is an odd multiple of p. If d= ep’ with 
(e, p) = 1 and t 2 1, then ) VJ is bounded above by qnek where k = 
min{n - 1, t}. This is a direct consequence of Taylor’s formula and the fact 
that the exponent of p in k! is less than k/( p - 1). To improve on this 
estimate, we start with 
LEMMA 9. Let d= ep’ with d odd, (e, p) = 1, and p prime. Assume 
that 1 < 3t <n. Suppose bc GR(p”, m) with b E -t2(mod p3*+‘). Then 
gd(xo, 1) = b for some x,in GR(p”, m). 
ProoJ: b = f2 + pjA for some unit A in GR(p”, m) and some integer j, 
3t < j< n. Now by Taylor’s formula and Lemma 6, 
gJ+2+pix, l)=g,(f2, l)+gL(*2, l)p’x+ gl;(+Z 1) 
2! 
pv + . 
= +2+p’ 
( 
pr+‘e2x+ 
8x+2,1) 
2P’ 
p2’x2 + . . 
1 
. 
Hence, for each i, i > t, we have gd( &2 + p’x, 1) = f2 + pzr+‘(e’x + 
pi-‘uzx2 + p2’-‘a3x3 + . ..) for some u2, ax,..., ad in GR(p”, m). Therefore, 
gd( &2 + pi-“x, 1) = f2 + pj(e2x + pi-3’u2~2 + ...) = b 
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if and only if 
e’x + pJ-3ra2~2 + . . = A (mod p”--j). 
Since (e, p) = 1, this congruence is solvable in GR(p, m), so by Lemma 1, 
it is solvable in GR(p”, m). Hence gd( + 2 + pj- *‘xl, 1) = h for some x, in 
W P”, m). 
COROLLARY. Let d, p, e, and t be as in Lemma 9. Suppose b* =4ad 
(mod p3’+ ’ ) for some units a and h in GR(p”, m). Then g,(x,, a) = h for 
some x,, in GR(p”, m). 
ProoJ b = f2adl’ (mod p3’+ ’ ). Thus, by Lemma 9, adj2g,(xI, 1) = b for 
some value x, in GR( p”, m). Thus, b = ad/*g,(x,, 1) =g,(x, a’/*, a). 
LEMMA 10. With d, p, e, and t as in Lemma 9, assume 1-c 2t < n - 1. 
Then g,(x, 1) = f2 (mod p*‘+ ’ ) for all x E +2 (mod p) in GR( p”, m). 
Proof: Let R = GR(p”, 2m)[p”*]. Then every x in GR(p”, m) can be 
written as x = J’ + ~/JJ for some unit ~1 in R. Hence 
d 
g,(x, l)=y”+ ; 2 0 
where y=A+Bp “* for some A and B in GR(p”, m), and A is a unit. Now 
(A + Bp1’2)ep’= a + p’bp’/* = (a, + a, p’+ ‘) + p’bp”* 
for some a,, a,, and b in GR(p”, m) with a, a unit. 
We now assume that x E +2 (mod p) and g,(x, 1) = C. Then (‘E +2 
(mod p) and gd(x, 1) = a + p’bp”’ + (a + p’bp”*) ’ = c. Therefore, 
1 
a2 - P*‘+ ‘b’ > 
=C and l- 
1 
a* - P*’ f ‘b* > 
bp*= 0. 
Hence, a z f 1 (mod p) and 
=(+l +a,p’+‘)+ ’ 
(*l+a,p’+‘) 
(mod p*’ + ’ ) 
1 + 2p ‘+‘a,+1 s 
+l +alp’+’ 
(mod p2’+ ‘) 
= & 2 (mod p”+ ‘). 
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COROLLARY. Let d, p, e, and t be as above. Let a denote a unit in 
GR( p”, m). Then [ g,(x, a)]’ = 4ad (mod p2’+ ‘) for all x in GR( p”, m) with 
x2 = 4a (mod p). 
Proof Suppose x2 = 4a (mod p). Then, by Lemma 10, 
THEOREM 11. Let a be a unit in GR(p”, m). Let d, p, e, and t be as in 
Lemmas 9 and 10. Assume t 3 1. Let V= { g,(x, a): XE GR(p”, m)}. Let 
q = p” and assume (d, q2 - 1) = 1. Then 
2q”-‘-k2< 1 VI - q-1 q+l 
2(q-l,d)+2(q+l,d)-’ ’ 1 n-I-k,<2qn-1-kj 7 
wherek,=min{t,n-1},k2=min{3t,n-1},k,=min{2t+1,n-1),and 
i 
0 if N(a)= -1 
&= 
2 if N(a)= 1. 
ProoJ As in Theorem 8, we partition the value set V as follows: 
V= { gd(x, a): [gd(x, a)]l$ 4ad (mod p)} 
u { gd(x, a): [gd(x, a)lz = 4ad (mod p)) 
=AuB. 
Also working as in Theorem 8, 
q-1 q+l n-l-k, if N(a)= -1 
IAl = 
2(q-l,d)+2(q+l,d) ’ 1 
q-1 q+l 2(q-1,4+2(q+Ld) -2 1 4-‘-k1 if N(a)= 1, 
where k,=min{t,n-1). 
Now by the Corollary to Lemma 9, we have 
where k, =min(2t, n- 11. On the other hand, since (d, q2- 1) = 1, 
if [gd(x, a)]’ = 4ad (mod p2’+ ’ ) with 2t + 1 <n, then x2 = 4a (mod p). 
Hence, by the Corollary to Lemma 10, 
IBI <q”-‘-“3, 
250 BREMSERAND GOMEZ-CALDERON 
where k, = min {2t + 1, tz}. Therefore, 
29” ‘-kz<I+ - 
I 
9-l 9+l 
2(q- 1)+2(q+l,d)-E q” ‘q ’ 1 1-h-,< n--l!fj 
where 
i 
0 if N(a)= -1 
E= 
2 if N(a)= 1. 
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